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ON HOMOGENEOUS STRONGLY o-n-IRREDUCIBLE
IDEALS OF COMMUTATIVE GRADED RINGS

ANASS ASSARRAR, HWANKOO KIM*, AND NAJIB MAHDOU

ABSTRACT. Let M be a commutative additive monoid with identity
element denoted by 0 and R be a commutative graded ring, which is
graded by M. Let I be a homogeneous ideal of R, n be a positive
integer, and « : L(R) — L(R)U{0} be a function, where L£(R) is the set
of all homogeneous ideals of R. In this paper, we generalize the notion of
strongly a-n-irreducible ideals to the context of graded rings, that is, if
whenever I1N---NIpy1 CTand I1N---Nlpyr ;(_ a(I) for homogeneous
ideals I, ..., In4+1 of R, there are n of the I;’s whose intersection is in I.
We study the transfer of this new concept in the idealization of graded
modules and the amalgamation of graded rings along a homogeneous
ideal.
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1. INTRODUCTION

In this paper, all rings under consideration are assumed to be commuta-
tive with nonzero identity and all modules are assumed to be nonzero unital.
R will always represent such a ring, and E will represent such an R-module.
Also, M will represent a commutative additive monoid with identity ele-
ment denoted by 0. By a graded ring R, we mean a ring graded by M, i.e.,
a direct sum of subgroups R, of R such that R,R3 C R,4g for every a,
B € G. A nonzero element x € R is called homogeneous if it belongs to one
of the R,; homogeneous of degree « if 2 € R,. The set h(R) = J,cq Ra
is the set of homogeneous elements of R. An ideal I of R is said to be a
homogeneous ideal if the homogeneous components of every element of I
belong to I, equivalently, if I is generated by homogeneous elements. In the
literature, homogeneous ideals and graded ideals are used interchangeably,
but homogeneous ideals seem to be preferred, so we will use that term in
this paper. Let I be a homogeneous ideal. Then I is called a homogeneous
prime ideal if whenever xy € I for some z,y € h(R), we have z € I or
y € I. Note that if M is a torsionless monoid (that is, if M is cancellative
and the group G of differences of M is a torsion-free abelian group, i.e.,
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G={a—b|abe M}), then I is homogeneous prime if and only if T is a
prime ideal. Recently, there have been various generalizations of homoge-
neous prime ideals in several papers. Among the many recent generalizations
of the notion of homogeneous prime ideals in the literature, we find the fol-
lowing, first defined by M. Refai and K. F. Al Zoubi [18, Definition 2.13]. A
proper homogeneous ideal I of a commutative graded ring R is said to be
homogeneous irreducible if I = J N K for some homogeneous ideals I and
K of R implies that either I = J or I = K. A proper ideal I of R is said
to be strongly homogeneous irreducible if for any homogeneous ideals J;, K
of R, JN K C I implies that J C I or K C I. According to [12, Definition
2.1], a proper homogeneous ideal I of R is called a homogeneous n-absorbing
ideal if whenever x1 - - - xp4q for z1, ..., 241 € h(R), then there are n of the
x;’s whose product is in I. Thus a homogeneous 1-absorbing ideal is just a
homogeneous prime ideal.

In [20], Zeidi defined an ideal I to be a strongly n-irreducible ideal of
R if whenever T1 NIo N ---N 1,41 C I for any I, 1o, ..., I, ideals of R,
there are n of the I;’s whose intersection is contained in I. In [5], the
authors generalized this concept to the context of graded rings by extending
several results proved in [20]. Let n be a positive integer. According to
[5], a proper homogeneous ideal I of a graded ring R is called strongly
homogeneous n-irreducible if for any homogeneous ideals Iy, Io, ..., I,+1 of
R, 1NI2N---NI,4+1 C I implies that there are n of the I;’s whose intersection
isin I. Obviously, every strongly homogeneous irreducible ideal is a strongly
homogeneous n-irreducible ideal.

The set of ideals of R will be denoted by £(R). By a proper ideal I of
R we mean an ideal I € L(R) with I # R. Let n be a positive integer
and « : L(R) — L(R) U {0} be a function. In [7], the authors defined I to
be a strongly a-n-irreducible ideal if whenever Iy N Is N --- N I,41 C I and
LinLN--NIyp1 € al) for I, Iy,. .., I ideals of R, there are n of the
I;’s whose intersection is in I. As was done in [5], the main purpose of this
paper is to generalize the last concept to the context of graded rings.

In section 2 we show, among other things, that the concepts of strongly ho-
mogeneous a-n-irreducible ideals and of strongly homogeneous n-irreducible
ideals are different in general, and that the concepts of strongly a-n-irreducible
ideals and of strongly homogeneous a-n-irreducible ideals are different in
general, see Example 2.3 and Example 2.4.

Before we begin our study, we will first recall some basic properties and
terminology related to graded ring theory. Unless otherwise stated, M will
denote a commutative additive monoid with identity element denoted by 0.
Let R be a graded ring. If I is a homogeneous ideal of a graded ring R, then
R/I is a graded ring, where (R/I), := (R + I)/I. Suppose that A, B are
graded rings and R = A x B. Then R is a graded ring by Ry = Ay x By
for all g € G. Also, it is easy to see that an ideal I of R is a homogeneous
ideal if and only if I = J x K for some homogeneous ideals J of A and K
of B. Let R be a graded ring and I, J be homogeneous ideals of R. Then,
it is well known that I + J, I.J and I N J are homogeneous ideals of R.

Let G be a group, R be a graded ring, and S be a multiplicative set of
homogeneous elements of R. Then S™'R is a graded ring by (S’lR)g =
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{% |a € Ry, s€SN Rh,g} for all g € G. If I is a homogeneous ideal of R,
then it is easy to see that S~'I is a homogeneous ideal of S™!R.

Let R be a graded ring and E be an R-module. By a graded R-module E,
we mean an R-module graded by M, that is, a direct sum of subgroups E,
of E such that RyEg C Eqyp for every o, € M. The set M(E) = e Ea
is the set of homogeneous elements of E. A submodule N of F is said to
be graded if N = @, (N N Ey), equivalently, if N is generated by homo-
geneous elements. In the literature, graded submodules and homogeneous
submodules are also used interchangeably, but graded submodules seem to
be preferred, so we will use that term in this paper.

Let R and R’ be two graded rings. A ring homomorphism f : R — R’ is
said to be graded if f(R,) C R, for all & € G. A graded ring isomorphism
is a bijective graded ring homomorphism. For more information and other
terminology on graded rings and modules, we refer the reader to [16] and [17].

2. STRONGLY HOMOGENEOUS a-n-IRREDUCIBLE IDEALS
We begin with the following definition.

Definition 2.1. Let R be a graded ring, n be a positive integer, and
a : L(R) — L(R) U {0} be a function, where L(R) is the set of all ho-
mogeneous ideals of R.. A proper homogeneous ideal I of R is called a
strongly homogeneous a-n-irreducible ideal if whenever I1 N -+ - N 1,11 C 1
and 1 N+ NI11 € a(l) for I, ..., I,11 homogeneous ideals of R, there
are n of the I;’s whose intersection is in I, without loss of generality, we may
assume that [ N---NI, C1I.

Remark 2.2. It is clear that every strongly homogeneous a-n-irreducible
ideal of a graded ring R is a strongly homogeneous n-irreducible ideal of R
and that every strongly a-n-irreducible homogeneous ideal of a graded ring
R is a strongly homogeneous a-n-irreducible ideal of R. In Example 2.3 and
Example 2.4, we show that the two implications are in general not reversible.
It is also clear that if «(0) # @, then the zero ideal is a strongly homogeneous
a-n-irreducible ideal of R for each positive integer n > 1. Note that a
strongly homogeneous a-irreducible ideal is just a strongly homogeneous
a-1-irreducible ideal.

The following implications summarize the relationship between the above
concepts.

strongly homogeneous irred. = strongly homogeneous n-irred.

= strongly homogeneous a-n-irred.

Next, we give an example of a strongly homogeneous a-n-irreducible
ideal which is not strongly homogeneous n-irreducible, and an example
of a strongly homogeneous a-2-irreducible ideal which is not strongly a-
2-irreducible.

Example 2.3. Let R = Z[i] be the ring of Gaussian integers with its natural
Zo-grading. Let I = pips- - - pn+1R, where p1,pa,...,ppy1 are prime homo-
geneous elements of R. By [5, Theorem 3.5] I is not a graded n-irreducible
ideal of R, so it is not strongly homogeneous n-irreducible for any positive
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integer n. By taking a(I) = I, I is a strongly homogeneous a-n-irreducible
ideal.

Example 2.4. Consider the ideal I = (6) generated by the homogeneous
element 6 of the ring Z[i] of Gaussian integers, which is a graded ring with
G = Zy. Set a(I) = 0. By [5, Theorem 3.5], I is homogeneous strongly
a-2-irreducible. But, by [20, Theorem 3.1], I is not strongly a-2-irreducible.

Throughout this paper, we consider a([I) ; I for each homogeneous ideal
I of a graded ring R. Let o, 8 : L(R) = L(R) U {0} be two functions. If «
and 3 satisfy a(I) C B(I) for every I € L(R), the last inclusion is denoted
by a < § in the following result.

Proposition 2.5. Let R be a graded ring, I be a homogeneous ideal of R,
n be a positive integer and o : L(R) — L(R) U {0} be a function.

(1) If I is strongly homogeneous a-n-irreducible, then I is strongly ho-
mogeneous B-n-irreducible for each function 8 : L(R) — L(R) U {0}
such that a < f3.

(2) If I is strongly homogeneous a-n-irreducible, then I is strongly ho-
mogeneous a-m-irreducible for each positive integer m > n.

(8) If I is strongly homogeneous a-n-irreducible for some n > 1, then
there exists the smallest integer ng > 1 such that I is strongly ho-
mogeneous a-ng-irreducible. In this case, I is strongly homogeneous
a-n-irreducible for all n > ng and it is not strongly homogeneous
a-m-irreducible for ng > m > 0.

Proof. (1) Assume that I is strongly homogeneous a-n-irreducible and let
B : L(R) — L(R) U {0} be a function such that o < 8. Consider I N ---N
Iny1 CTand LN+ NIpy € B(I) for I4,..., 41 homogeneous ideals of
R. Obviously, I; N -+ N In41 € a(I). By hypothesis, there are n of the I;’s
whose intersection is in I. So we can assume that I;y N --- N1, C I. Thus I
is a strongly homogeneous S-n-irreducible ideal.

(2) Assuming that I is strongly homogeneous a-n-irreducible, we prove
that [ is strongly homogeneous a-m-irreducible for any positive integer m >
n. Indeed, let m > n, 1 N+ NIpyr €T and [N - NIyt € a(l) for
I, ..., I,+1 homogeneous ideals of R. Consider J; = I; foreachi=1,...,n,
and Jy41 = Lny1Ne - -Nlpgr, 80 J1N---NJpq1 € T and 1N -NJpg1 € a(D).
By our assumption, there are n of the J;’s whose intersection is in I, so we
can assume that JyN---NJ, CI. Hence 1N---NnI,, CJiN---NnJ, C1I,
as desired.

(3) This is easy. d

The next result gives a sufficient condition for the equivalence between
the two concepts of strongly homogeneous irreducible ideals and strongly
homogeneous a-irreducible ideals.

Theorem 2.6. Let R be a graded ring, o : L(R) — L(R)U{D} be a function,
and I be a proper homogeneous ideal of R. If I is a strongly homogeneous
a-irreducible ideal that is not strongly homogeneous irreducible, then I* C
a(I). So every strongly homogeneous a-irreducible ideal I with I* ¢ o(I) is
strongly homogeneous irreducible.
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Proof. Suppose that I is strongly homogeneous a-irreducible with 12 ¢ a(I).
We prove that I is strongly homogeneous irreducible. Indeed, let I; N5 C I,
where I and I are two homogeneous ideals of R. If Iy N Iy ¢ «(I), then
I C I or Ir C I by hypothesis. Thus we may assume that I N Io C a([).
IfI1NI%2 ¢ o), then I N (I +1%) C I and I} N (I> + I?) € (), since
(LLNI)+(ILNI?) C LN(Ia+1?%). Hence I; CTor Iy+12C 1,501 C I or
I, C I. Thus, we can assume that I; NI%cC a([). Similarly, we assume that
LNI? Ca(l). Since (I1N1) +(I1NI%)+ (IoNI?)+1? C (I +1?)N (12 +1?),
we have (I1 + I*) N (Io + I?) C I and (I + I?) N (I + I?) € o(I). Thus
Lh+IPCIlorLb+I?°C1I,sol; CIlorl,Cl. O

The following corollary is a direct consequence of the previous theorem.

Corollary 2.7. Let R be a graded ring, n be a positive integer, o : L(R) —
L(R) U {0} be a function, and I be a proper homogeneous ideal of R. If I
is a strongly homogeneous a-n-irreducible ideal that is not strongly homoge-
neous n-irreducible, then I"** C a(I). So every strongly homogeneous a-n-
irreducible ideal I with 1"+ ¢ a(I) is strongly homogeneous n-irreducible.

Proposition 2.8. Let R be a graded ring and o : L(R) — L(R) U {0} be a
function such that o(J) C a(I) for each I C J homogeneous ideals of R. If
I; is a strongly homogeneous a-n;-irreducible ideal of R for every 1 <i <m,
then I N --- N Iy, is a strongly homogeneous a-n-irreducible ideal of R for
n=mny+- -+ nm.

Proof. Recall from the introduction that any intersection of homogeneous
ideals is a homogeneous ideal. By induction on m, it suffices to prove the
result for m = 2. Assume that I; is a strongly homogeneous a-ni-irreducible
ideal of R and I is a strongly homogeneous a-ng-irreducible ideal of R. Take
I =ILNILandn = ni+ny. Let J1N---NJppq € Land J1N---NTpi1 € a(1).
Obviously, J1N---NJp+1 € I and J1N- - -NJpt1 g_ a([l); JiN--Ndpy1 C 1o
and Jy N+ N Jpy1 € aly). By our assumption, there are n of the J;’s
whose intersection is in I; (respectively, I3), without loss of generality, we
may assume that JyN---NJ,, C I (respectively, Jp, 41N Ndpy4n, € I2).
Hence, J1N---NJ, C1I. O

Theorem 2.9. Let f: R — S be a surjective graded ring homomorphism,
a: L(R) = L(R)U{D} and B : L(S) — L(S)U{D} be two functions satisfying
fla(D)) C B(f(I)) for each homogeneous ideal I of R with a(I) # (), and
B(fI) =0 if a(I) =0. Let I be a homogeneous ideal of R. If f(I) N R is
a strongly homogeneous a-n-irreducible ideal of R, then f(I) is a strongly
homogeneous B-n-irreducible ideal of S.

Proof. Since f is surjective, we have that f(JNR) = J for every ideal J of S.
Since f is a graded ring homomorphism, f(I) is a homogeneous ideal of S.
Assume that f(I) N R is a strongly homogeneous a-n-irreducible ideal of R,
where a(I) # 0 and assume that JiN---NJpy1 C f(I) and J1N-- N1 €
B(f(I)) for Ji,Ja, ..., Jnt1 homogeneous ideals of S. Then we have that
(iNnR)N---N(Jpt1 NR) C f(I) N R and we prove that (J1NR)N---N
(Jnt1NR) € a(f(I)NR). Suppose the contrary and let y € JyN---N Jpq1.
since f is surjective, there exists z € J; N---N Jy41 N R such that y = f(z),
hence @ € a(f(I)NR). Soy € fla(F(NNR)) = BU(F(DNR)) = B (D)), a
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contradiction. By hypothesis, we obtain (J1NR)N---N(J,NR) C f(I)NR.
Therefore, f((J1iNR)N---N(JnNR)) C f(f(I)NR), and so J1N---NJ,, C f(I),
which satisfies the proof. For the other case: a(I) = @, we need to prove
that f(I) is strongly homogeneous n-irreducible, which can be done in the
same way. O

Remark 2.10. If ] is strongly homogeneous a-n-irreducible and ker(f) C I,
then by Theorem 2.9, f(I) is a strongly homogeneous S-n-irreducible ideal,
since f(I)NR=1.

Let J be a homogeneous ideal of R and « : L(R) — L(R) U {0} be
function. We define oy : L(R/J) — L(R/J) U {0} by ay(I/J) = (a(])
J)/J for every homogeneous ideal I € L(R) containing J with a(l) #
and ay(I/J) =0 if a(I) = 0. Obviously oy is also a function.

a
+
0

)

Corollary 2.11. Let I,J be two homogeneous ideals of a graded ring R
such that J C I, n be a positive integer, and a : L(R) — L(R) U {0} be a
function. Then the following statements hold:
(1) If I is a homogeneous strongly a-n-irreducible ideal of R, then I/J
is a strongly homogeneous «j-n-irreducible ideal of R/J.
(2) Assume that J C «(I). If I/J is a strongly homogeneous o j-n-
irreducible ideal of R/J, then I is a strongly homogeneous a-n-
irreducible ideal of R.

Proof. (1) This follows directly from Theorem 2.9.

(2) Let [1N-+NIpyy CTand I1N---NIhqq € o(I) for some I, ..., Iqq
homogeneous ideals of R. Then I/J N --- N Iyy1/J C I/J and I;/J N
coNIng1/J € a(l)/J = ay(I)J), since J C «(I). By hypothesis, I/J
is a strongly homogeneous «j-n-irreducible ideal. Thus, without loss of
generality, Iy/JN---N1IL,/JCI/J,andso 1 N---N1I, CI.

3. STRONGLY HOMOGENEOUS «-n-IRREDUCIBLE IDEALS IN TRIVIAL
GRADED RING EXTENSION AND THE AMALGAMATION OF GRADED
RINGS ALONG A HOMOGENEOUS IDEAL

In this section we study the transfer of the strongly a-n-irreducible prop-
erty in some graded ring theoretic constructions. For a graded ring R and
a graded R-module E, the set of all graded submodules of E is denoted by
S(E).

Definition 3.1. Let R be a graded ring, F' be a graded submodule of a
graded R-module E, n be a positive integer, and 5 : S(E) — S(E) U {0} be
a function, where S(F) is the set of all graded submodules of E. Then F is
said to be strongly graded g-n-irreducible if whenever Fy N ---N Fpy1 C F
and F1N---NFyp1 € B(F) for some Fy, ..., F,q1 graded submodules of E,
there are n of the F;’s whose intersection is in F'. Without loss of generality,
we may assume that F1N---NE, C F. Also, we may assume that 5(F) C F.

Let R be a ring and E be an R-module. The following ring construction,
called the trivial ring extension of R by E (also called the idealization of E),
was introduced by Nagata [15, page 2]. It is the set of pairs (r, e) with pair-
wise addition and multiplication given by (r,€)(q, f) = (rq,r f+qe), denoted
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by R x E, whose underlying abelian group is A x E. This construction has
been useful for solving many open problems and conjectures in both commu-
tative and non-commutative ring theory. For more information the reader
is referred to [1,6, 10,13, 14]. Now, if R is a graded ring and F is a graded
R-module, then R o E is a graded ring by (Roc E), = Ry & E, for all
g € G, see [2]. Recently, many researchers have studied the transfer of var-
ious homogeneous properties in the idealization of graded modules, see for
example [3,4,19]. Let I be an ideal of R and F be a submodule of E. Then
by [2, Theorem 1], I o F'is a homogeneous ideal of R c E if and only if [ is a
homogeneous ideal of R and F' is a graded submodule of F¥ and IF C F. For
a homogeneous ideal H of the trivial graded ring extension of a graded ring
R by a graded R-module E, we set Iy = {a € R | (a,e) € H for some e € E}
and Fg = {e € E | (a,e) € H for some a € R}. Note that Iy is a homoge-
neous ideal and Fp is a graded submodule, a consequence of the fact that
H is a homogeneous ideal.

In this section we first study the extension of strongly homogeneous a-n-
irreducible ideals to the trivial graded ring extension.

Proposition 3.2. Let R be a graded ring, E be a graded R-module, F be a
graded submodule of E, n be a positive integer, and o : L(R) — L(R) U {0}
and B : S(E) — S(E) U {0} be two functions with «(0) € {0,0}. Let
¢: L(Rx E) = LR x E)YU{0} be a function satisfying:

[ 0xAF) ifa(0)=0
¢(0°<F)_{ 0 ifa(0)=0

Then:

(1) If 0 < F is a strongly homogeneous ¢p-n-irreducible ideal, then F is
a strongly B-n-irreducible submodule of E.

(2) If R is a graded domain, E is a divisible graded module, and a(0) =
0, then 0 o< F is strongly homogeneous ¢-n-irreducible if and only if
F is a strongly graded 5-n-irreducible submodule of E.

Proof. (1) Let FiN---NFpy1 C Fand F1N---NFyq1 € B(F) for some graded
submodules Fi,...,Fy11 of E. Then (0 xx F1)N---N(0 x Fy1) CO0x F
and (0 < F1) NN (0 o Frp1) € ¢(0 o F). By hypothesis, we get that
OxF)N---N(0x F,) C0x F,and so FiN---NF, CF, as desired.
(2) The “only if” follows from the previous statement. Conversely, let
HiN---NHpy1 COx Fand HiN---N Hypq € (0 ox F). If there exists 4
such that Iy, # 0, then H; = Iy, < E. So it iss clear that H1N---NH;—1 N
HipiN--NHppy = HiN---NHpy1 €0 F. Now, ifforalli =1,...,n+1 we
have Iy, = 0, then H; = 0 o< Fpy;, 50 (0o Fy)N---N (0 o< Fpy,,,,) SO F
and (0 o< F,)N---N(0 x Fh,,,) € 0 x B(F). Hence Fy, N---NFy, , CF
and F, N---N Fp, , € B(F), so we get that Frr, N---N Fy, C F. Hence
O Fgy)N---N (0o F,) C0ox F. O

Example 3.3. Let R = Z[i] with its natural Zs-grading, and I = pip2 -+ - pr+1 R,
where p1,p2, ..., Pnt+1 are some prime homogeneous elements of R. We con-
sider the function « : L(R) — L(R) U {0} satisfying «(0) = § and R < R
the trivial graded ring extension. We set ¢ : L(R o< R) — L(R o< R) U {0}
to be a function satisfying ¢(0 < J) = ) for all J € £L(R). By Example 2.3,
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I is not a strongly homogeneous n-irreducible ideal. Hence 0 « F' is not
strongly homogeneous n-irreducible.

Theorem 3.4. Let R be a graded ring, E be a graded R-module, n be a
positive integer, and o : L(R) — L(R) U {0} be a function. Let 8 : L(R
E) = L(R x E)U {0} be a function satisfing:

_Jal)xF ifa(l)#0
B(I“F)_{ 0 ifall)=0

where I is a homogeneous ideal of R and F is a graded submodule of E
satisfying IE C F. Then:

(1) I < E is a strongly homogeneous -n-irreducible ideal of R x E if
and only if I is a strongly homogeneous a-n-irreducible ideal of R.

(2) If I is a strongly homogeneous a-ny-irreducible ideal of R and F is
a strongly homogeneous no-irreducible submodule of E, then I o< F
is a strongly homogeneous B-n-irreducible ideal of R < FE, where
n=mni+no.

Proof. (1) For “only if” assume that I « F is a strongly homogeneous -
n-irreducible ideal of R o« F and let I,...,I,4+; be homogeneous ideals of
Rsuch that I1 N+ NIy CTand 1NNy € a(l). So (I < E)N
NIpt1 xE)CIx Eand (I x E)N---N (Iny1 x E) € B(I x E). By
hypothesis, we get (I; < E)N---N([, x E) CI < E,andso I1N---NI, C I.
Conversely, assume that I is a strongly homogeneous a-n-irreducible ideal
of R. Let HiN---NHyp1 CIox Eand HiN---NHyp € B(I x E), where
Hy,..., Hyq1 are homogeneous ideals of R oc E. Then Iy, N---N1Ig, ., €1
and Iy, N--- NIy, , € a(l). So by our assumption we get that Ir, N---N
Iy, CI,andso HiN---NH, C Iy, xE)N---N(Ig, x E) CIxE.

(2) Assume that I is a strongly homogeneous a-nj-irreducible ideal of R
and F' is a strongly graded ng-irreducible submodule of E. Set n = nj + ns
and let HyN---NHpy1 €1 oc Fand HiN---NHyp1 € B(I x F), where
Hy,..., Hyy1 are homogeneous ideals of R oc E. Then Iy, N---N1gy,,, €1
and Iy, N---N1Ig,,, € o(I)and Fg, N---N Fy,,, € F. Thus by our
assumption we get Iy, N--- NIy, CIand Fy, ., N---NFy, CF. Soit
is clear that H1N---NH, CI x F. O

Let R and S be two rings, J be an ideal of S, and f: R — S be a ring
homomorphism. The following ring construction, called the amalgamation
of R with S along J with respect to f, is a subring of R x S defined by:

Rl J:={(r,f(r)+j)|reR,jeJ}

This construction was introduced and studied in [8]. Let R and S be two
graded rings, J be a homogeneous ideal of S, and f : R — S be a graded
ring homomorphism. Then R </ J is a graded ring by (R >/ J), =
{(rg, f(rg)+34g) | 7g € Rg,j € Jg} for all g € G, see [9,11]. Let I be an ideal
of R. Then I </ J is a homogeneous ideal of R >4/ J if and only if I is a
homogeneous ideal of R, see [11, Theorem 3.5(2)]. Let H be a homogeneous
ideal of R </ J and set Iy = {a € R | (a, f(a)+j) € H for some j € J} and
Jyu={j€J|(a f(a)+j) € H for some a € R}. Note that Iy and Jy are
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two homogeneous ideals, a consequence of the fact that H is a homogeneous
ideal.

The following theorem examines the transfer of strongly homogeneous
a-n-irreducible ideals in the amalgamation of graded rings.

Theorem 3.5. Let R and S be two graded rings, f : R — S be a graded ring
homomorphism, J be a homogeneous ideal of S, n be a positive integer, and
a: L(R) — L(R)U{B} be a function. Let B : LR/ J) — L(R > J)U{0}
be a function satisfying:

a J if a
B(Imf[()_{ (o K }”aggig

and for I C f~1(J), we have:

B(I i 0) = { a(n) o’ fall) 24

where I is a homogeneous ideal of R. Then:

(1) I><! J is a strongly homogeneous B-n-irreducible ideal of R </ J if
and only if I is a strongly homogeneous a-n-irreducible ideal of R.

(2) Suppose that f(I)J C K, where K is a homogeneous ideal contained
in J. If I is a strongly homogeneous a-ni-irreducible ideal of R and
K is strongly homogeneous na-irreducible, then I </ K is a strongly
homogeneous [-n-irreducible ideal of R<! J, where n = ny 4 no.

(3) Suppose that I C f~Y(J). If I is a strongly homogeneous a-n-
irreducible ideal of R and the zero ideal of S is strongly homogeneous
ng-irreducible, then I x 0 is a strongly homogeneous B-n-irreducible
ideal of R <t/ J, where n = nj + no.

Proof. (1) Suppose that I >/ .J is a strongly homogeneous -n-irreducible
ideal of R </ J and let Ii,...,I,+1 be homogeneous ideals of R satisfying
LN Nl CTand [N+ -NIpgr € a(l). Then (I s/ J)N- N (Lypq >F
J) C I >/ Jand (I </ J)n -0 Iy >F J) € B(I <f J). By
hypothesis, we get (I; >/ J)N---N (I, ! J) C I >f J, and so we get that
ILin---NI, CI. Conversely, suppose that I is homogeneous strongly a-n-
irreducible and let HyN- - -NHp41 C I </ Jand HiN---NHypq € B(I <! ).
Obviously, Iy, N---NIg,,, €T and Iy, N---N1y,,, € o). Hence, by
hypothesis, we obtain I, N---NIg, CI,andso HyN---NH, C (Ig, >t
NIy, =</ J) C Il J.

(2) Suppose I is a homogeneous strongly a-nq-irreducible ideal of R and K
is a strongly homogeneous ng-irreducible ideal of S. Let Hy N ---N Hy4q1 C
Il Kand H NN H,py ¢ B <t/ K), where n = nj + ng and
Hy,...,Hy,y1 are homogeneous ideals of R/ J. Then Iy, N---NIp, ., C 1
and Iy, N---NIg,,, € o(I)and Jg,N---NJg,,, € K. So by our assumption
we get g, N---N1g, C1Iand Jg, ,N---NJg, € K. We can easily prove
that Hy N ---N Hy,1n, € Il K.

(3) This is similar to the proof of (2). O

Let G be an abelian group. Consider a graded ring R. It is well known
that if we take a multiplicative set S consisting only of homogeneous el-
ements of R, then S™'R is a graded ring. Let f : R — SR be the
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natural graded ring homomorphism defined by f(r) = 7. For each ho-
mogeneous ideal I of the graded ring S™'R, we consider I = {r € R |
* € I} = IN R, which is a homogeneous ideal of R, and C" = {I° |

I is a homogeneous ideal of S~ R}.

Proposition 3.6. Let G be an abelian group, R be a graded ring, S be a
multiplicative set of homogeneous elements of R, n be a positive integer, and
a: L(R) = L(R) U {0} be a function. Let B : L(ST'R) — L(ST'R) U {0}
be a function satisfying:

/3(5_11):{ S~ (a(1))) z‘foz(ﬁ

and (B(I1))° = a(I°).

Then there is a one-to-one correspondence between the strongly homo-
geneous B-n-irreducible ideals of ST'R and the strongly homogeneous a-n-
irreducible ideals of R contained in C" which do not meet S.

Proof. Suppose that I is a homogeneous strongly [-n-irreducible ideal of
STIR. Let I, ... , In+1 be homogeneous ideals of R such that Iy N --- N
Inyi CI¢and TN N1y € a(I€) = (B(I))°. Then (S7'I)N---nN
(S_lfn+1) = 5_1(11 n--- ﬂ]n+1) - S_l(fc) = I. Obviously, (5_1[1) n---N
(87 op1) € S7'a(I€) = B(ST'I¢) = B(I). Suppose the contrary and let
re€ NNl Then § € (STHy)N---N (S ' hy1) C BUI). Sor e
(B(I))¢, a contradiction. Since I is strongly homogeneous S-n-irreducible,
(S~'n)n---N(S7'I,) € I. So I1N---N1I, C I¢. Therefore, I¢ is a strongly
a-n-irreducible ideal of R.

Conversely, let I be a strongly homogeneous a-n-irreducible ideal of R
such that NS =0, so ST # S7'R. Let 1N---NI,y1 € S and
Ln--Nly ¢ B(S™I), where I,...,I,.1 are homogeneous ideals of
S7IR. Hence (11)°N -+ N (In11)¢ = (I1 N -+ N Ipy1)¢ € (ST and
(I)N- - -N(Ing1)® € (B(STI))“. Suppose the contrary, let & € I1N-+-NIpp1.
Then % = % where u € If N ---N IS, € (B(S7'))°. Since I € C", we have
(§7'1)¢ = I. Then (B(S7))* = a(I), so § € S~ (a(I)) = B(S7I), a
contradiction. So (I1)°N -+ N (In41)° € I and (I1)° NN (Lny1) € a(I).
Hence, (I;)N---N(L,)¢ C I. Therefore, Iy N--- N1, = S~Y((L))N---N
S=L((1,,)¢) € S7'I. As a result, S7'T is a strongly B-n-irreducible ideal of
S7IR. O

Now we examine the strongly homogeneous a-n-irreducible ideals in the
product of two, and hence any finite number of graded rings.

Proposition 3.7. Let I and J be homogeneous ideals of a graded ring Ry
and Ry respectively and set R :== Ry x Ra. Let o; : L(R;) — L(R;) U {0}
be a function for each i =1,2. Let o : L(R) — L(R) U {0} be a function
satisfying:
_J aa(I) xaz(J)  if aa(I) # 0 and as(J) # 0
a(IxJ)_{ 0 ifar(I) =0 or az(J) =10
Then I x J is a strongly homogeneous a-n-irreducible ideal of R if and

only if I and J are strongly homogeneous n-irreducible ideals of R1 and Ra,
respectively.
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Proof. Assume that I x J is a strongly homogeneous a-n-irreducible ideal of
R. We show that I (respectively, J) is a strongly homogeneous n-irreducible
ideal of R; (respectively, Rs). Suppose on the contrary that I is not
strongly homogeneous n-irreducible. Then there are n 4+ 1 homogeneous
ideals Iy, ..., I,41 of Ry such that Iy N---NI,41 C I and any intersection of
n homogeneous ideals among these homogeneous ideals is not in I. Hence,
(Lix )N NInp1xJ) CIxJand (It x J)N N (L1 x J) € (I x J),
since ag(J) € J. Since I x J is strongly homogeneous a-n-irreducible,
(I xJ)n---N(I, x J) CIxJ,a contradiction. So I is a strongly homo-
geneous n-irreducible ideal of R;. Similarly, we claim that J is a strongly
homogeneous n-irreducible ideal of Rs. The necessity holds by [5, Proposi-
tion 2.22]. O

The following result is a direct consequence of the previous proposition.

Corollary 3.8. Let I; be a homogeneous ideal of a graded ring R; and
a; : L(R;) — L(R;) U{D} be a function for each 1 < i < m. Consider
R=Ry X X Ry. Let a: L(R) — L(R)U{D} be a function satisfying:

| TIT auildy)  if every au(I;) £ 0
Oé(-llX...XIm)—{ 1 @ ifa(-[i):meTSOmei:1’,,,’m

Then T1" I; is a strongly homogeneous a-n-irreducible ideal of R if and only
if I is a strongly homogeneous n-irreducible ideal of R; for each 1 <i < m.
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